Existence of conformal metrics on S n 
with prescribed fourth order invariant 

Veronica Felli ^ 



S.I.S.S.A. 
via Beirut, 2-4 
34014 Trieste, Italy 
e-mail: felli@sissa.it 



Abstract. In this paper we prescribe a fourth order conformal invariant on the standard n-sphere, 
with n>5 , and study the related fourth order elliptic equation. We first find some existence results in the 
perturbative case. After some blow up analysis we build a homotopy to pass from the perturbative case to 
the non-perturbative one under some flatness condition. Finally we state some existence results under the 
assumption of symmetry. 



0. Introduction. 

Let (M 4 , g) be a smooth 4-dimensional manifold, S g the scalar curvature of g , Ric s the 
Ricci curvature of g and A g = div g V g the Laplace-Beltrami operator on M 4 . Let us 
consider the fourth order operator discovered by Paneitz [24] in 1983: 



Vfa = AjV - div g [^S g -2 Ric g ) dtfj. 



2 
3 

The Paneitz operator is conformally invariant on 4-manifolds, that is if g^ = e 2uj g then 

V„ u (il>) = e- 4w P s (V0 for all ^ G C°°(M 4 ) 
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and it can be considered as a natural extension of the conformal laplacian on 2-manifolds. 
It is also known that 

V*u + 2Q g ^ = 2Q g 

where 

Q g = ^(-A g S g + S 2 g -3\Ric g \ 2 ). 

Such a Q g is a fourth order invariant called Q— curvature, because is the analogous for the 
Paneitz operator of the scalar curvature. It is natural to pose the problem of prescribing 
the Q— curvature on S 4 : given a smooth function Q on S A , to find a conformal metric 
goj such that Q 9ui is Q . This problem leads to the following equation 

V A go oj + 2Qe^ = 2Q go on (S\ g ) 

which has been studied in [26] . For more details about the basic properties of the Paneitz 
operator one can see [10] and [15]. We also refer to [9, 12, 13, 19] for results about . 

The Paneitz operator was generalized to higher dimension by Branson [8]. Given a 
smooth compact Riemannian n— manifold (M n , g) , n > 5 , the Branson-Paneitz operator 
is defined as 

fi 4 

T^V = - div 3 (a n S g g + 6 n Ric 5 )# + — r— Qgip, 



where 



(n-2) 2 + 4 



2(n-l)(n-2)' n-T 
C n 1 a o i - 4n 2 + 16n - 16 2 2 2 

2(n-l) g9+ 8(n-l) 2 (n-2) 2 ^ (n-2) 2 ' KCff| - 

4 

See [16] for details about the properties of V g . If g v = v™^g is a conformal metric to 
g , one has that for all if) G C°°(M) , 

and 

VgV = ^QlV^. (0.1) 

It is natural to study the problem of prescribing Q on the standard sphere (5' n , go) , that 
is of finding solutions to equation (0.1) with equal to some prescribed function Q , 
i.e. 

77, — 4 ^ „+4 

Y 

Problem (P) can be viewed as the analogue of the classic scalar curvature problem on 
(S n , go) ■ While the scalar curvature problem has been widely studied, (see for example 
the monographes [6, 20], see also [21, 22]), problem (P) concerning the Q— curvature has 
been faced in [16, 17, 18] for dimension n = 5, 6 only. The purpose of the present paper 



p^ v = ——Q v — i V> Q. (p) 
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is to study (P) and prove results that are the counterpart of those known for the scalar 
curvature problem. 

In Section 1 we start proving an existence result for equation (P) on (S n , go) in the 
case Q = 1 + eK (see Section 1, Theorem 1.5) using a perturbative method introduced 
in [1] and [2] and generalizing to the Branson-Paneitz operator the results of [3]. This 
result is a slight improvement of [17, Theorem 1.3], where problem (P) is solved in the 
perturbative case with some more assumptions on Q . 

In Section 2 we extend to (P) the results of [21]. We first adapt the arguments of 
[21] to carry out some blow up analysis for a family of equations approximating (P) . 
In particular, in Theorem 2.12 we prove that, making some flatness assumption on Q , 
no blow up occurs and hence any positive solution to problem (P) with Q replaced by 
Q t = tQ + (1 - t)(n 2 - 4)n/8 stays in a compact set of C 4 > a (S n ) , < a < 1 . This 
compactness result allows us to pass from the perturbative case treated in Section 1 to 
the non-perturbative one by means of a homotopy argument like in [21]. In this way we 
obtain an existence result for (P) (Theorem 2.13). Let us point out that in [18] no flatness 
condition is required and blow up can occur when n = 6 . A more precise comparison with 
the results of [18] is made in Remark 2.14. 

Finally, in Section 3 we consider the symmetric case and generalize to the Branson- 
Paneitz operator the results of [5] in the perturbative case and of [4] in the non-perturbative 
one. 

Our techniques are strongly based on those of [18] and [21]. As far as [21] is concerned, 
we assume that the reader is familiar with the results and the techniques of this work, while 
we recall the formulas we need from [18]. 
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1. Perturbation existence results 

We consider the Paneitz operator on the standard unit sphere (S n , go) 

V%y = A 2 go v - c n A go v + d n v (1.1) 
where n > 5 , A go stands for the Laplace-Beltrami operator on S n , and 

c n = \{n 2 -2n-4) d n = ^j^n(n 2 - 4). 

We deal with problem (P) on S n . Denoting the euclidean metric on M n by 5 and the 
stereographic projection on M. n by n , one has 

(n'^go = 
3 



where 

n — 4 
2 



^) = (ttwJ ' (L2) 

Using this conformal change of metric and the conformal covariant properties of V n one 
has 

V£(Q(u)) = <p-^V£(u) = ip~^A 2 u VueC°°(R n ), (1.3) 

where 

$ : V 2 ' 2 (R n ) — > H 2 (S n ), <I>(//)(.r) 



V?(tt(») 

is an isomorphism between H 2 (S n ) and E 1 := £> 2 ' 2 (R n ) , the completion of C^°(R n ) 
w.r.t. the norm ||-u|| 2 = f Rn \Au\ 2 . 

After the transformation v = and letting Q = Q o 7r _1 , problem (P) becomes, up 

to an uninfluent constant, 

A it = Q-u™- 4 
u > 0, in 



on 



We take Q of the form 1 + eK for some bounded function K , such that problem (P) 
in the perturbative case after stereographic projection is the following 

A 2 u = (1 + eK)u p , u>0 inR n (1.4) 

where 

p = 2 ff - 1 = r and 2^ = 



n-4 n - 4 

We recall that by the Sobolev embedding theorem, we have the embedding H 2 (S n ) 
L 2 * (S n ) which is not compact. Consider the functional f e : E — > R given by 



ip+i 



/.(«) = i/ (Au) 2 --±- ( l-r 1 --^/ *(*)M 

Plainly, / e G C 2 {E, R) and any critical point u £ E is a solution of 

A 2 w= (l+eHrj|u| p - 1 u inM n . (1.5) 



1.1. Critical points of f e . It is known (see [23]) that the positive solutions of the 
unperturbed problem 

A 2 u=\u\ p - 1 u 

are given by the functions 

4 



where 

z (y) = C n (l + M 2 )-^, C n = [n(n 2 - 4)(n -4)]^. 
We set 

Z = {z^ : » > 0, £ G K n }. 

We can face problem (1.4) with the same approach used in [3] for the scalar curvature 
problem, i.e. the abstract perturbation method discussed in [1] and [2]. 

In order to apply the abstract setting of [1] and [2], we need the following result. 

Lemma 1.1. f satisfies the following properties 

(i) dim Z = n + 1 ; 

(ii) D 2 f (z) = I — C V z G Z , where I is the identity and C is compact; 
(hi) T z ^Z = ker{D 2 f (z^)} V/i>0,?er. 

Proof. It is sufficient to give only the proof of (iii), which is a nondegeneracy condition. 
Since the inclusion T z ^ 6 Z C ker{D 2 fo(z^^)} is obvious, it is enough to prove that 

dimT^ X Z = dimker{D 2 /o(^,?)}- 

Up to a translation, we can assume that £ = and for simplicity, we consider fx = 1 . We 
have 

2f_f„\\s — ^ T>n nl _ a2„, _ ^P-l mm 



u G ker{£> 2 /o(2 )} P 5 n w = A 2 u = pz v ~"u 



m 



that is, using (1.3), if and only if 



mu)) = ^±±zr\. 



Hence u G ker{.D 2 /o(2o)} if and only if v = <&(u) satisfies 

u = ^^^p- 1 ^- — w = — n(n 2 -4)(n + 4)u in S n . (1.6) 



Recalling (1.1), equation (1.6) can be written as 



A 2 go v - c n A go v = 



1 1 

— n(n 2 - 4)(n + 4) - y^(™ 2 - 4)(n - 4) 



?j = -n(n 2 — 4)v. 



Therefore ker {D 2 f (z )} = $ _1 (F) where V is the eigenspace of A — c n A go corre- 
sponding to the eigenvalue \n{n 2 — 4) . It is easy to check ^ that there is a correspondence 
between the spectrum of the Paneitz operator and the spectrum of the Laplace-Beltrami 
operator: for any a > one has 

Sp (A 2 , - aA 90 ) = {X 2 + a\: A G Sp (-A go )}. 



( 2 ^ An explicit proof of this is given in the preprint of [16]; in the final version it has been eliminated. 
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Moreover v is an eigenfunction of A 2 — aA go associated to A 2 + aX if and only if v is 
an eigenfunction of — A 5o associated to A . 

In our case, we take a = c n and hence from A 2 + aA = ^n(n 2 —4) we infer A = n . Then 
V concides with the eigenspace of — A 30 associated to n . It is well-known [7] that the 
spectrum of the Laplace-Beltrami operator on the n— standard sphere S n is given by 

A fc = k(n + k - 1), k>0 

and the dimension of the eigenspace associated to A& is 

(n + fc-2)!(n + 2fc-l) 



fc!(ra-l)! 



VJfe > 0. 



Since Ai = n , one has that dim]/ = n + 1 hence dim ker{D 2 /o (<£()) } = n + 1 = d\mT ZQ Z 
and this gives (iii). □ 

Now we follow closely the procedure of [3] and assume that the reader is quite familiar 
with it. The previous lemma allows us to apply the abstract method and to define, for 
e small, a smooth function w £ (z) : Z — > (T Z T)^ such that the perturbed manifold 
Z e = {z^^ + w £ (z fJt ^)} is a natural constraint for f s . There results 

<Pe(zp,t) ■= fe{z^ + w £ (z^)) = b - eT(ji, £) + o(s) e^O 

where 

b:=- f zf =f (z) VzeZ 

and 

r(M) = i/ K{y)z 2 *^y)dy = -^- ! K(p( + 0z p +1 (()d(. 
Thanks to [3, Theorem 2.1 and Remark 2.2], if T satisfies 

(A) T has an isolated set of critical points C such that deg(r', O, 0) ^ 0, 

where O is an open bounded neighbourhood of C, 

then for e small enough, the functional f e has a critical point u e such that u e approaches 
the critical manifold Z as e — > . Since Y has the same form as in [3] , we can repeat one 
of the arguments of Section 3 of [3] to handle with one of the possible cases which have 
been treated there. Here we state just one result for the sake of brevity and remark that 
also the other results of [3] can be generalized to our problem. 

Lemma 1.2. Assume that K satisfies 

' (Kl.a) 3p>0: (K'(y), y) < V|y|>p, 

I (Kl.b) (K'(-),-}eL\R n ) and [ (K'(y), y) dy < 0, 

(Kl.c) K e L°°(R n ) n C 1 ^) 
k (Kl.d) K has finitely many critical points 
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and that 

(K2) V£ G Crit (K) 3/3 g]1, n[ and a 3 G C(K n ) with A i := ^aj(f) ^ and 

such that if (y) = K(rj) + ^2 a j\u ~ + °{\v ~ vf) as V ~^ V 
locally near £. Moreover there results 

£ deg loc (^,0^(-l) n - 

Then for any £ > small, f e has a cri tical point u £ G V 2 > 2 (R n ) near Z ; in particular 
u s is a solution of (1.5). 

1.2. Positivity. Now, following the techniques by Van Der Vorst [25] as in [17], we prove 
that u e is strictly positive for e sufficiently small, so that it is solution of problem (1.4). 
In order to prove u £ > we come back to S n and write problem (1.5) in the form 

Vlv £ = (l + eK)\v £ \ 2 *- 2 v ei (1.7) 

where v £ = <&(it e ) and K = K o n . We recall that the volume element with respect to g 
is 

dV go = IS'ol 5 dy = 

and observe that the solutions u £ of (1.5) given by the previous lemma approach some 
z G Crit (T) or some isolated set of critical points of Y included in Z . For simplicity, 
let us assume that u £ converges to zq in £, hence v £ = 3>(it e ) converges in H 2 (S n ) to 
some positive constant c n satisfying c\ ~ 2 = d n . In particular, thanks to the Sobolev 
inequality, v £ converges to c n in L 2 * (S n ) and in measure. 

Lemma 1.3. v £ is bounded in L°°(S n ) . 



n — 4 

2 — 

Cn 



dy 



Proof. Let us set 

n £ = {xeS n : \v £ (x)\<2c n }. 

Since v £ converges to c n in measure, the limit of |/S n \f2 e | as e goes to is . Now, 
after noting that 

where L go v = —A go v + , we can write (1.7) as 

t 2 ii 2^ —2 

L go v £ = q £ \v £ \ v £ + g £ 

where 

q e (x) = (l + eK(x) + j-^^-^j X Sn \ Qe (x) 
g e (x) = [(1 +eK(x))\v £ (x)\ 2 *- 2 + l]v s (x)X Qe (x)- 
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Remark that, since on S n \ fi e v £ is far away from 0, q £ is bounded in L°° . Moreover 
one has 

n 

\\Qe\v £ \ 2 *- 2 \\K = [ (l + ek+—^Y \v e fdV go — > (1.8) 

LT Js»\Cl e \ \Ve\ Z J 

and 

IbelU 00 < const < oo Ve > 0. (1.9) 

We now use the following proposition which is proved in [17] using the techniques of [25]. 

Proposition 1.4. Let p E [1, 2* - 1] , q E L°°(S n ) , and g E L°°(5 n ) . Suppose that 
v E H 2 (S n ) is a weak solution of the equation 

L 2 go v = q\v\ p - 1 v + g, in S n . 

Then, for any s > pn/4 , there exists a positive constant 5 n depending only on n , and 
a positive constant C depending on n, s, and \\q\\L°° , with the following properties. If 
qlv] 1 "- 1 E L%(S n ) and ||gM P_1 || L i < , then v E L°°(5 n ) and its L°° norm can be 
estimated as 

\\v\\L-<C(\\g\\ L . + \\g\\ p L .). □ 

Proof of Lemma 1.3 completed. Taking p = 2# — 1 , in view of (1.8) and (1.9) we 
can apply the previous proposition and deduce that {v s } £> o is bounded in L°°(S n ) with 
a positive constant not depending on e . □ 

Let us write (1.7) in the form 

L 2 go v £ = b £ v £ , (1.10) 

where 

b £ = (l + eK)\v £ \ 2 *- 2 + l, 

or in the equivalent form 



L 2 (V £ - C n ) = b £ (v £ - Cn) + C n ( b £ - ^ ) . (1.11) 



go 1 



Owing to the convergence of v £ to c n and the boundness of {v £ } in L°°(5' n ) , by domi- 

nated convergence there results that b £ — > c\ ~ 2 + 1 = in L s for any 1 < s < oo . 
We set, for e > , 



O £o = {x E S n : \v £ (x) — c n \ < 5 for e < eq}. 
Since v £ — > c n in measure, one has 

\S n \Q £o \^0, as £ ^0. 
Let us write problem (1.11) in the form 



L 2 (v £ - Cn) = q e (v £ - Cn) + W £ 



where 

Qe = b £ X Sn \n eo and 

w e = b £ (v £ - c n )Xn eQ + c n (^b £ - ^ . 

From Lemma 1.3, there exists c\{n) > such that 

4 

||9elU~ < ci(n), |f £ ||l- < ci(n), ||<? e || L f < ci^S™ \0 £o |~. 

Using now Proposition 1.4 with p = 1 , q = q £ , g = w £ and s > ^ , we obtain that there 
exists a positive constant C2(n) and £i > small enough such that for any e < e\ 

||v e - c n ||oo < c 2 (n)||t(; e || Ls . (1.12) 

Since b s — > in L s (S n ) , by definition of Q eo , it is clear that there exists £2 such that 
for any e < e 2 

\\w £ \\ls < 036 (1-13) 

for some positive constant C3 independent of 5 and e . Since 5 can be chosen arbitrarily 
small, from (1.12) and (1.13) we have that, for e small, v £ is closed in the uniform norm 
to a positive number; in particular v £ (and so u £ ) is positive. □ 

Theorem 1.5. If K satisfy (Kl-2). Then for e small (1.4) admits at least one positive 
solution. 

Proof. From Lemma 1.2 f £ has a critical point u £ E E solving (1.5). The preceding 
arguments imply that u £ is positive and hence it is a solution of (1.4), too. □ 

1.3. Other results. In this subsection we discuss some results which are the counterpart 
of those of [3, Sections 4,5,6]. For the sake of brevity, we will state here only some specific 
results. The proofs are easily obtained, as before, extending all the arguments of [3] to our 
setting. Of course, the positivity of the solutions has to be proved by means of the Van 
Der Vorst techniques, as carried out in the preceding subsection. 

Theorem 1.6. Let K satisfy 

{K e L°°(R n ) nC^W 1 ), 
K(y) = K(r), r = \y\, 
r~ a K(r) G -^ 1 ([0, 00), r n_1 dr) for some a<n 

and K(0) = , K ^ . Then for \e\ small, (1.4) has a positive radial solution u £ G V 2 ' 2 . 

Theorem 1.7. 

• Let h satisfy 

(hl.a) h G C 2 (R n ) fl L°°(IR n ) 

9 



and h ^ . Then for \e\ small 

A 2 u = eh(y)u + u p , y G M n , n>8 (1.14) 

has a positive solution u e G £> 2 ' 2 (IR n ) . Furthermore, if 3 £1,62 £ IR n such that 
h(£i) > , ^(£2) < , then for |e| small (1.14) has at least two distinct positive 
solutions. 

• Let he L 1 (R n ) n L°°(M n ) with / R „ h ^ . Then for |e| small 

A 2 u = eh(y)u + u p , y G M n , n > 5 

has a positive solution u e G £> 2 ' 2 (IR n ) . 

Theorem 1.8. Let us assume n > 5 , 1 < g < p , and h G L 1 (R n ) n L°°(M n ) , h^O. 
Theu for |e| small enough problem 

n + 4 

A 2 w = £%)w 9 + w p , f/GR", 1<q<»= (1.15) 

has a positive solution in £> 2 ' 2 (R n ) . 



2. The non-perturbative case 

In order to treat the non-perturbative case we follow the procedure that Y. Y. Li has used 
for the scalar curvature problem in [21]. The present section is divided in three parts; in 
the first we make a blow up analysis for (P) and prove that only simple isolated blow up 
points can occur. Then we show that under some flatness assumption there are not blow 
up points and finally we make a homotopy in order to pass from the perturbative case to 
the non perturbative one. 

2.1. Blow up points have to be simple isolated. We are interested in the family of 
problems 

n — 4 ^ 

K> V = —Q*( X ) 1 > P > v> ^ onSn - t 2 - 1 )* 

If Vi is a solution of (2.1) i then Ui(y) = (p(y)v i (n~ 1 (y)) is a solution of 

•n — 4 

A 2 u=^- Qi(y)u p , u>0, inM n , (2.2). 

where <p is given by (1.2) and Qi = QiO 7r _1 . The question is what happens to Ui when 
i — > 00 . For the reader's convenience here we report the definition of blow up point that 
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one can find in [18]. Let B 2 = {y E W 1 : \y\ < 2} and Qi be a sequence of C 1 (B 2 ) 
functions such that 

- ir <Qi{y)<A 1 Vi, VyGS 2 , for some A 1 > (2.3) 

and consider the equations 

in — 4 

A 2 u=^- Qi(y)u p , u>0, -Au>0, y e B 2 . (2.4). 

Definition 2.1. Let {ui}i be a sequence of solutions of (2.4) i . A point y E B 2 is 
called a blow up point of {ui}i if there exists a sequence {yi}i converging to y such that 
Ui(yi) -> oo . 

In the sequel, if y is a blow up point for {ui}i , writing y^ — > f/ we mean that j/j are 
local maxima of Ui and Ui{yi) — > +oo as w +oo . 

Definition 2.2. A blow up point y is said to be an isolated blow up point of {ui}i if 
there exist f e (0, dist (y, dB 2 )) , c > and a sequence {yi} converging to y such that 
yi is a local maximum of Ui , Ui(yi) — > oo and 

4 

Ui(y) < c\y - y t \ p- 1 Vy G Bf(yi). 

Definition 2.3. An isolated blow up point y E B 2 of {ui}i is said to be an isolated 
simple blow up point of {ui}i if there exists some positive p independent of i such that 

4 

adr) = W7\L Br u ' r>0 

has precisely one critical point in (0, p) for large i . 
Suppose that there exist 

J/3>2, /3e(n-4,n), 
\ Ai,Li,L 2 > 0, 

such that 

(Ql) Qi E C\^l~ 1,1 (B 2 ) and-J- < Qi < A 1 in B 2 ; 
(Q2) HVQiUco^) < L x and 

\V a Qi{y)\<L 2 \VQi{y)\^ V2 < s < [p], Vy E : VQi{y) + 0, 

where Oj is a neighbourhood of the set of critical points of Qi . 

In the sequel c±, c 2 , . . . will denote positive constants which may vary from formula to 
formula and which may depend only on p, A±, L±, L 2 , n . The following two lemmas are 
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proved in the Appendix following the scheme of Lemma 2.6 and 2.8 in [21] and using some 
results of [18]. 

Lemma 2.4. Assume that (Ql-2) hold in B 2 . Let Ui satisfy (2A) i and suppose that 
y (yi — > y) is an isolated simple blow up point. We have that 



\VQi(yi)\ < citii 2 (yi) +c 2 u 



to 



Lemma 2.5. Under the same assumptions as in Lemma 2.4 and for all < a < 1 we 

get: 

for 13 = 2 



and for (3 > 2 



(y ~ Vi) ■ VQi< 



p+i 



<cu z - 4 (y l ) + o[VQ l (y l )u l "~ 4 ( Vl ) 



/ (y- Vi) ■ VQiU 

JB a ( yi ) 



p+i 

i 



2 2 (\3\ I i=l£l \ 



Thanks to the previous lemmas, we obtain a corollary, which is the analogous of Corol- 
lary 2.1 of [21]. 

Corollary 2.6. Assume (Ql-2). Let itj satisfy (2A) i and suppose that yi — > is an 
isolated simple blow up point. Then for any < a < 1 we have that 



lim u 2 t ( yi ) [ (y-y l )-VQ l u p l +1 = 0. 



Proof. Owing to Lemma 2.4 and Lemma 2.5 we have that 



u i(.Vi) / (y~ Vi) ■ ^Qi u 



P+l 

i 



2 (\B\ 1 I ~ m ) 
—2/ \ , »-4llW a t 0-1 ) , \ 

C2Ui (j/i) + c 3 u i (yi) 



2 2 2 (\3\ \ e=M. \ 



Remark that [0\ + > n — 4 to obtain the statement. □ 

Corollary 2.6 can be used to prove that, in our hypotheses, blow up points for equation 
(2.4)^ have to be isolated simple blow up points. In particular, note that we can prove 
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the same results of [18, Proposition 2.19 and 3.2] (where (Q2) was not required) for any 
n > 5. 

Theorem 2.7. In the same assumptions of Lemma 2.4, blow up points for equation 
(2.4) i are isolated simple and finite. 

Sketch of the proof. 

Step 1. Any isolated blow up point has to be isolated simple. We can 

proceed as in [18, Proposition 2.19]. To prove that any isolated blow up point y for 
{ui}i has to be simple, in [18, Proposition 2.19] it is shown that the function wi given 

by Definition 2.3 has precisely one critical point in (0, RiU i ^ p 1 - )//4 ) (for a suitable Ri — > 

p-i 

+oo ). By contradiction suppose that y is not simple and let \ii > RiU i 4 be the second 

critical point of Wi . Assume yi = and set £(y) = [i\^ v ^Ui(niy) , \y\ < l/fJ.%. £,% 
satisfies 

A%(y) = Qi(^y)Uy) p , \y\<- 

\y\~£,i(y) < const, \y\ < — (2-5) 

lim^(0) = +oo. 

i 

In [18] it is proved that is an isolated simple blow up point for equation (2.5) and that 

^( y )^h(y) = a\y\ 4 - n + b(y) in C, 4 oc (R"\0) 

for some biharmonic function b and for some constant a > . Then it is shown that 
setting 

B(r, y, h, Vh, V% V 3 h) = - \\ A/f + ^h^-(Ah) 

+ (y, Vh)-(Ah) -AhJ2 Vi-^hi. (2.6) 

i 

one has 

0>/ B{a,y,h,Vh,V\Mh)>\™m 2 i^Y.I ^^P^^ 1 - (2-7) 

Only at this point of the proof of [18] the fact that n = 5, 6 is used to conclude that the 
last term of the previous inequality is thus finding a contradiction. However, in our case 
it works for every n > 5 thanks to Corollary 2.6. 

Step 2. Blow up points have to be isolated. We observe that, using Corollary 
2.6 again, we are able to extend [18, Proposition 3.2] which states that for any p,q E S n 
blow up points of (2A) i one has 

\p-q\>5* (2.8) 
13 



under flatness condition. Hence the number of blow up points is finite. (2.8) and [18, 
Proposition 3.1, statement (3)] show that the blow up points are indeed isolated. Therefore 
we get the thesis of the theorem. □ 

2.2. Blow up analysis under flatness assumption. The following theorem ensures 
that under our hypotheses there is at most one isolated simple blow up point. We prove 
it following the scheme of the proof of [21, Theorem 4.2]. 

Theorem 2.8. Suppose that {Qi}ieN C C 1 (5' n ) with uniform C 1 modulo of continuity 
and 

^-<QM)<A 2 VqeS n . 
Suppose also that there exists f3 G (n — 4,n), (3 > 2 such that 

* * I |V' Qi(y)| < L 2 \V go Qi(y)\fa W2<s< [p], y G fi d>i , V 9o Qi{y) ^ 0, 
where 

n dil = {qeS n : \V go QM)\<d}. 

Let Vi be solutions of (2.1) i . Then, after passing to a subsequence, either {vi}i stays 
bounded in L°°(0) (and hence in C 4 ' a (S n ), < a < 1 ) or {vi} has precisely one isolated 
simple blow up point. 

Proof. Owing to Theorem 2.7, any blow up point has to be simple isolated. Suppose by 
contradiction that {vi}i has two distinct simple isolated blow up points q 1 ^ q 2 and let 
q] , qf be local maxima of Vi with 

q] -> q 1 and q 2 -> q 2 . 

We may assume that q 2 ^ —q 1 without loss of generality. We make a stereographic 
projection with qj as the south pole. Note that if q is a blow up point for {vi}i then 
7r(q) is a blow up point for {ui}i = {vi o iv~ 1 }i . In the stereographic coordinates qj = 
and we still use q 2 , q 2 to denote the stereographic coordinates of q 2 , q 2 G S n . Then 
we get equation (2.2) i . It is easy to see that {Qi}i satisfies (Q2) for some constants Li 
and Li in some open set of M. n containing and q 2 . Then an application of Lemma 
2.4 yields VQ,(^' 2 ) -> . 

(2.8) implies that the number of blow up points is bounded by some constant inde- 
pendent of i . Therefore we can argue as in the sketch of the proof of Theorem 2.7 and see 
that there exist some finite set 5C1™, 0, q 2 G S , some constants a, A > and some 
function h(y) G C 4 (M n \S) such that 

\jmu i (G)u i (y) = h(y) in Cft c (R n \S), (2.9) 
h(y) = a\y\ A - n + A + o(\y\), for y ~ 0. 
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Corollary 2.6 implies that for any < a < 1 



lim^(0) 2 / y-VQiuf +1 = 0. (2.10) 

* " B a 

Corollary 4.2 (part (ii)) in [18] yields 

lim / B(r,y,h,Vh,V 2 h,V 3 h) = -(n - 4) 2 (n - 2)\S n ~ 1 \ < (2.11) 

r ^°JdB r 

where B is defined in (2.6). On the other side, using the Pohozaev type arguments one 
finds, see [18, Proposition 4.1], 



P+i 

i 



[ B(a,y,Ui,Vui,V 2 Ui,V 3 Ui) 4 f y-VQi{y)u\ 

-°whL Q ^ K (212) 



Recall now that from [18, Proposition 2.9] 

c - x \y-ytf n < Ui ( y )<c ly ~f l * H for i2iur^(2/i) < |y - 2/<| < 1 (2-13) 

«»(!/«) 

for a positive constant C and for any Ri — > oo (up to a subsequence). Multiplying (2.12) 
by Wi(0) 2 , using (2.9) and noting that from (2.13) 



we get 



/ B(a,y,h,Vh, V 2 h,V 3 h) = lim^(0) 2 / S(a, y, w i? Vw i? V 2 ^, V 3 ^) 

«/ d B a 1 JdB a 

V fn\* U ~ 4 \^ [ d Qi P+l 



From (2.11) we know that, for a small enough, the first integral in the above formula 
is strictly less than 0, whereas (2.10) implies that the last term above is 0, which is a 
contradiction. □ 
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We will now prove that if a point q G S n satisfies the following condition 



(**)/? 



f 3e > : Qi G C^-^OEUgo)) and 
Qi(lo) > -7- for some positive constant A 2 

n 

Qi{y) = Qi(qo) + + Ki(y), \y\ < e , 

3 = 1 

n 

where cij = Oj(<Zo) ^ 0, ^^ a j 0^ 

i=i 

y is some geodesic normal coordinate system centered at go, 
Hi(y) G C^ 1-1,1 near and 

lim V |V fl 7^(y)||y|-^ +a = uniformly for i, 

\v\—*o 

0<s<[P] 



then the form of Qi near qo prevents blow up from happening there. The following 
theorem is the analogous of [21, Corollary 4.2]. 

Theorem 2.9. Suppose {Qi}i C C 1 (S n ) with uniform C 1 modulo of continuity and 
satisfies for some qo G S n condition (**)p . Let Vi be positive solutions of (P) with 
Q = Qi . If qo is an isolated simple blow up point of V{ , then Vi has to have at least 
another blow up point. 

Remark 2.10. Note that implies that {Qi}i = {Qi o satisfies (Q2). See 

[21, Remark 0.3]. 

Proof of Theorem 2.9. Let us argue by contradiction. Suppose that Vi has no other 
blow up points. Let us take qo as the south pole and make stereographic projection on 
]R n , so that our equation becomes 



n-4 



Qi(y)ui(y) n 



n + 4 



in 



(2.14) 



Ui > in 



where Ui(y) = cp(y)vi(7T 1 (y))- Let yi be the local maximum of Ui and such that yi — > . 
It follows from Lemma 2.4 that 



I V Q , ( y, ) I = O I uf (y 4 ) + uT "" 4 ^ " 1+ W \ Vi ) 



Multiply equation (2.14) by Vui ; it is easy to check by integration by parts that 

A 2 UiVui = 0. 
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Then we obtain 



Another integration by parts yields 



n + 4 

Q lU -- A Vu, = 0. 



n — 4 ' 



0= / QiUf-'Vu 



n - 4 
2n 



2ra 



(2.15) 



Since we have assumed that Vi has no other blow up point but qo , the Harnack inequality 
and (2.13) yield that 

v i(o) ~ (maxiO -1 for q away from qo, 

S n 

and this implies that for |y| > e > Ui{y) < c(s)\y\ 4 ~ n u~ (yi) . 
Therefore for e > small from (2.15) we obtain 



In 

VQ l (y + y z )ur 4 (y + Vi) dx 



B F 



< 



VQ l (y + y ^ )u^ 4 (y + y^)dx 



+ 



VQ l (y + y t )u? 4 (y + yi)dx 



<C(e) Ui -*(y 4 ). 



(2.16) 



Let us set T^\y) = Y^Jj a j\yj\ 13 ■ Using (2.16) becomes 

_ 2n 

<C(e)u t -« ( y< ). 



Since 



[VT^(y + Vi ) + VTZi(y + y,)k"" 4 (y + Vi) dx 
|V7^(y)| ^ |V7^(y)| 



(2.17) 



|VT03)(y)| 



< c'- 



|y|/3-l y^Q 



uniformly in i, 



from (2.17) we deduce 

j B { VT^) (y + yi ) + o £ (1) | (y + 2/0 1 } uT 1 (2/ + 



<C(eK - 4 (y 4 ) 



where o e (l) stays for something going to as £ — > uniformly in z. Multiplying the 

above by uf^ ( ^ _1) (yi) , noting that VT^(Ay) = A^VT^y) for any A > 0, and 
setting 

2 

& -=K~ 4 (yi)yi 



ur 4 (y + yi ), 



we get 



\Ai\ <C(e)u; 



(Vi)- 



(2.18) 
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We now want to prove that is bounded. By contradiction, suppose that £j — > oo 

along a subsequence. Let us set 

J\y\<RiU. ^( yi ) I v J 



+ Oe(l) 



VT^ (V" 4 ( Vi )y + £ 4 ) }«f" 4 (2/ + y*) 



and 



2 hrW[ur 4 (y l )y + ^ 

R iUi ^{yi)<\y\<e k 



~1 2" 



2 

Making the change of variable 2 = w™~ 4 (2/^)2/ and using (4.7) of Appendix we get 



and 



«I<-Ri 



1^1 <c 



2n 



(2-19) 



Riu i n ~ A {Vi)<\y\<e 



Here and in the sequel we need the following estimate which one can find in [18, Lemma 
2.17]: in the assumptions of Lemma 2.4 and for any sequence Ri — > +00 one has that (up 
to a subsequence) 



\y-y % \ s u^ 1 =0[u l 



2s 

TL — 4 . 



k J B\ \ B r 



\y- yi \ s u? +1 <o( U ; -*( yi ) 



n < s < n 



(2.20), 



p-i 



for some positive constant c, where ri = Riu i 4 (j/i) • The second of (2.20) s with 
s = (3 — 1 gives 



(w) ) + i&rvi) < 



(2.21) 



Putting together (2.18), (2.19), and (2.21) we find 



(?/,) > 1^1 > i/.i - 1^1 > ic^-^i - 0(1)) ~ \^f-\ 
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Then 

for some positive c , which is a contradiction. Then 



<c{e)ur^ ^\ Vi )<c 



\y i \=u i n - i {y i )%\ = 0[u i - 4 ( yi ) 

Writing (2.12) in M n for equation (2.14) we have that 

n-4 



2(p+l) 



r vft(?/K +1 = o. 



Using (2.15), we get 



/ 2n 
r vft( 2/ + 3 /,)«r 4 (?/+2/ ! ) = o 

so that for any £ > small we have 



2rt 

<c(e)u t n - A {yi). 
Therefore (2.20) s with s = f3 and s = 1 and (**)/? yield 



2ra 

< c (eK n - A (vi) + Oe(i) I \y\\y + y^-\ n - 4 (y + y i ) 



<c(e) Ui - 4 ( Vi ) + o s (l) 



+ 



2ra 

/3 - 1 K"- 4 (2/ + 2/ l ) 



< c(e)u, 



2n / \ 2/3 2 



2/3 



Multiplying the above by u™ 4 (yi) and using (2.22) we have that 



2/3 

lim ur 4 {Vi) 



yVT (l3 \y + yi )ur 4 (y + yi)dy 



<o s (l). 



Moreover (2.20) with s = (3 and s = 1 and (2.22) yield 



2/3 

<" 4 (Vi) 



2/3 

< cu?~ 4 (yi)^ I _^ 

(i/i)<|y|<e 



n ~ A {Vi)<\v\<e 



ATI 

yVT^(y + y l )ur 4 (y + y l )dy 

{\y\ p + \y\\yif- 1 )ur A {y + Vi)dy}-^o. 
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2 

Set £ := lim^oo u™~ 4 (yi)yi (see (2.22)). Making the change of variable y = u i n ~ A {yi)z 
and using (2.23-24) we get 



2 

n — 4 



z-vr^)(z + ei) 



2ra 
ra — 4 



dz 



o £ (l) + o(l). 



Thanks to (4.7) of Appendix we have that 



u- L {y l )uAu i n - A z + y l ) — > (1 + k\z\ 2 )~ n uniformly 



where k 2 = lim^ 00 [2n(n — 2)(n + 2)] 1 Qi(yi) . Therefore letting i — > oo we get 



/ z. vr^(^ + £)(i + /c|^| 2 )- n ^ 

Jr™ 



o £ (l). 



Hence we have that 



(2.25) 



/ z- VT^(z + + k\z\ 2 )~ n dz = 0. 
Using (2.15) and arguing as before we have 

/ VT^iz + + k\z\ 2 )- n dz = 0. (2.26) 

</R™ 

Using (2.25-26) and noting that T^\x) = ±x ■ VT^\x) , we deduce 

/ T&\z+£){l + k\z\ 2 )- n dz = I3~ 1 [ (z+^)-VT^\z+O(l + k\z\ 2 )- n dz = 0. (2.27) 
For any d G lR n we have that 

/ ^T^(y + m + k\y\ 2 )- n dy = (3a J [ \y } + d j f~ 2 {y j + ^)(1 + k\y\ 2 )~ n dy. 
It is easy to prove that the last integral is if and only if $ j = , so that 

/ VT ( - f3) (y + $)(l + k\y\ 2 )- n dy = if and only if = 0. (2.28) 

JR™ 

Then (2.28) and (2.26) yield £ = and so from (2.27) we get 

/ r^(y)(l + k\y\ 2 )- n dy = 0. 
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On the other hand 



/ T^(y)(l + k\y\ 2 )- n dy = J2 [ aj\ yj f (1 + k\y\ 2 )~ n dy 

il™ - =1 </R™ 

X>j J^\yif(l + k\y\ 2 )- n dy^O 
which gives a contradiction. □ 

Remark 2.11. We can prove the same result of the previous theorem with the assump- 
tions 

QieCW-V(B eo (qo)), Qi(qo)>^-, 

Q l (y)=Q l (0)+T^\y)+KM for \y\ < s , 
where y is some geodesic normal coordinates centered at qo , 

T^\\y) = X^\y) VA > 0, y e R n , 



[/3] 



V|V a 72i(y)||y|-^ +fl — >0 uniformly for i, 



s=0 



j-((3) j n C 1 ^™ x ) and there exists a positive constant A 3 such that 

^alvl^- 1 < |Vr(«(i/)|, |y| < c , 
j;VTW(yO(l + \y\ 2 )- n dy 



j;r^(yO(l + \y\ 2 )- n dy V ^ G 
Theorems 2.8 and 2.9 easily imply the following result. 

Theorem 2.12. For n > 5 , suppose that Q £ C 1 (S n ) is some positive function such 
that for any critical point qo there exists some real number (3 = (3(qo) with j3 > 2 and 
j3 e (n — 4, n) such that in some geodesic normal coordinate system centered at qo 

n 

Q(y) = Q(qo) + $>,|y/ + #(y) (2.29) 

where aj = aj(qo) ^ , X! a j 7^ , ^(y) e C^ -1 ' 1 near and 

[0 

J2\V s Q(y)\\y\- p+s = o(l) asy^O. 

s=0 
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Then for any e > there exists a positive constant C(Q, n, e) such that for all e < [i < 1 
any positive solution v of (P) with Q replaced by 

satisfies 

C{Q, n, e)- 1 < v(q) < c{Q, n, e), \/ q £ S n . 

The following result is an existence theorem (which is the analogous of [21, Theorem 0.1]) 
which we will prove by making a homotopy which reduces the problem to the perturbative 
case. 

2.3. A homotopy argument. We are able now to build a homotopy which allows us 
to pass from the perturbative case to the non-perturbative one. 

Theorem 2.13. For n > 5 , suppose that Q satisfies the assumptions of Theorem 2.12 
and that 

(-ir (go) * (-ir 

Vg Q(q )=0 

E"=i a i (90)<0 

where 

Klo) = #{aj(go) : ^g Q(qo) = 0, aj(q ) < 0, 1 < j < n}. 
Then (P) has at least one C 4 positive solution. 

Proof. Let us consider Q t = tQ + (1 — t)(n 2 — 4)n/8 and the associated problems 

n — 4 ^ ti+4 

K' = —Q*>- onS ». {Pt) 

u > 

Let v t be solutions of (P t ) , < t < 1 . It follows from Theorem 2.8 that after passing to 
a subsequence either {^}o<t<i is bounded in L°°(5' n ) (and consequently in C 4 ' a (S n ) , 
< a < 1 ) or {vt}o<t<i has precisely one isolated simple blow up point. Lemma 1.2 
and Theorem 1.5 imply that for any 6 > we have solutions corresponding to Q e for e 
small in the 5— neighbourhood ( H 2 (S n )— topology) of Z , where Z is the set of the 
solutions of (Po) 

(n - 4)(n 2 - 4)n^n+4 

i.e. up to a constant Z is the critical manifold Z of Section 1. 

Let us fix e > and consider solutions of (Pt) for s < t < 1 . Lemma 2.4 implies 
that solutions can blow up only at a precisely one of the critical points of Q . Theorem 
2.12 implies that for e < t < 1 any solution of (P t ) v satisfies 

C~ 1 <v{x)<C VieT 



K v = ~ >-v—, (P ) 
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for some positive constant C = C(Q, e, n) , and then all the solutions of (P t ) for e < t < 1 
are in a compact set of the space 

C 4 > a (S n )+ = {we C 4 > a (S n ) : w > on S n }. 

Then we can find some bounded open subset of C 4:,a (S ri ) + denoted by O e which contains 
all positive solutions of (P t ) for e < t < 1 . Thanks to the homotopy invariance of the 
Leray-Schauder degree we have 

deg c4 , a(s . )+ (v-iVl)- 1 {^Qv^j ,0 e ,o) 

= deg c4 , a(s „ )+ [v - (VI)- 1 {^Qsv^j , O s , o) . 

Arguing as in [11, 17, 21], one can prove that the right-hand side is equal to 

V 90 Q(9 )=0 

X)" =1 °j(«o)<° 

thus getting the conclusion. □ 

Remark 2.14. Let us point out the main differences between the above results and the 
results of [18]. In [18] Q is supposed to be a Morse function satisfying a non-degeneracy 
condition (namely A go Q(x) ^ whenever VQ(x) = ); no flatness condition is required. 
Under these assumptions when n = 5 no blow up occurs. Instead the case n = 6 can 
present multiple blow up points. Making some more assumptions on Q and after a more 
precise description of the blow up scheme, an existence results when n = 6 is stated in 
[18, Theorem 1.9]. In our case, the flatness assumption allows us to prove that there are 
no multiple blow up, thus getting compactness and allowing the homotopy argument for 
any n > 5 . 



3. The symmetric case 

We now consider the case in which the prescribed curvature is invariant under the action 
of a group E C 0(n + 1) . Let us start from the perturbative case. Suppose that K 
is E— invariant. In this case we can argue as in [5] to find critical points of f e and as 
in Section 1 (Van der Vorst techniques) to prove the positivity of such critical points so 
that we get exactly the analogous results of Theorem 5.1, 5.3, 5.4, 6.1, and 6.4 of [5]. In 
particular we get 
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Theorem 3.1. Let Fix(E) = {p G S n : p\ = . . . = p k = 0} for some 1 < k < n and 
assume that Pn is a nondegenerate minimum for K on S n . Moreover let K = K o n 
satisfy 

(i) Yk := Crit (K) fl V n -k is finite and all £ e Y& are non-degenerate, 
where V n - k = {£eR n : & = ... = & = ()}; 

Ci/; ak(o^o veen and 

^ (-l)^-(-l)»-*^0 (3.1) 

ee*"*, ak(0<o 

where m is tie Morse index of £ as a critical point of K constrained 
on V n - k . 

Then (1.4) has a symmetric solution. □ 

Remark 3.2. In an analogous way, using Lemma 1.2 and the arguments of [5], we can 
prove that, if Q is of the form (2.29) near the critical fixed points, (1.4) has a symmetric 
solution provided 

(_l)M9o) _ ^ o 

•JOGCrit (Q)nFix (£) 
^ Oj(9 )<0 

where iE(<?o) denotes the Morse index of (/ as a critical point of Q restricted to Fix (E) . 

We can treat the non perturbative case as Ambrosetti-Li-Malchiodi did in [4] for the scalar 
curvature problem, thus getting the following 

Theorem 3.3. For n > 5 , let Q G C n ~' l,a (S n ) positive and invariant under the action 
of a group E C 0(n + 1) , such that 

(HI) for all critical points of Q in Fix (E) := {q G S n : aq = q Vcr G E} 

Q is of the form (2.29); 
(H2) Q satisfies (*)p near the critical points; 
suppose that 

Crit (Q) n Fix (E) is finite, (3.2) 
Fix(E) = {x = (a; 1 ,...,x n+1 )G^ n : x x = . . . = x k = 0}. (3.3) 

Then all E— invariant solutions of (P) stay in a compact set of 

C 4 ' a (S n )+ = {w G C 4 ' a (S n )+ : w is E - invariant} 

and 

J2 (~iy^ - (-i) n - fc (3.4) 

<3 eCrit (Q)nFix (£) 
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where O is some bounded open set in C 4 ' a (5' n )J containing all E— invariant solutions 
of (P) . In particular, if the number on the right hand side of (3.4) is nonzero, (P) has 
at least one E— invariant solution. 

Proof. We can repeat exactly the first part of the proof of the previous theorem. Since 
there is at most one blow up point, we know that E— invariant solutions of (Pt) for 
< t < 1 can not blow up at any point in S n \ Fix (E) . 

Fix now e > and consider (P t ) for e < t < 1 . Away from Fix(E) , E— invariant 
solutions stay uniformly bounded. Lemma 2.4 implies that solutions can blow up only 
at precisely one of the critical points of Q in Fix(E) . Theorem 2.12 implies that there 
exists a bounded open subset of C 4 ' a (5' n )^ denoted as O e which contains all E— invariant 
solutions of (P t ) for e < t < 1 . As above, the homotopy invariance of the Leray-Schauder 
degree allows us to conclude the proof. □ 



4. Appendix 

Let us give the proof of the technical lemmas stated in Section 2. 

Proof of Lemma 2.4. Let us take a cut-off function 1] e C%°(Bi) satisfying 



rj(x) 



and multiply (2.4) i by 77 





if \x\ 




if \x\ 


n 


- 4 r 



1 

4 
1 

2 



f 2 dui n-A f p dui 



Integrating by parts on B>i we get 



J Bl Ql 1 dx, V p + lJ Bl d Xj ^ p + 1 J Bl Ql dx 3 U * 



and 



A 2 du i 
A UiTj-— 

Bl OXj 
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Recalling that V?y and At] vanish in Bi \ [Bi \Bi) the two previous equalities yield 



1 n-4 f dQj_ p+l 
p+1 2 J Bl dx"* V 



9ui . 1 

B 1 \B 1 ox J Z JB 1 \B 1 ox j 

2 3 1 2 



(Amy 



[ A^V.V^))-^/ *L Q «i*\ (4.1) 

Jb 1 \b 1 \ \9xjJ/ 2 p+lJ Bl \B 1 dx j 



5 \' t 



Owing to the weak Harnack inequality proved in [18, Lemma 2.5] and to Schauder's elliptic 
estimates and using (2.13), from (4.1) we get 



dQi p+ i 

U- 

B i dxj 1 



< cm t z (y l ) + c 2 u i p 1 (y i ) < c 3 u t ~ z (y l ). 



(4.2) 



From (4.2), it follows 



dQ % 



dx. 



(Vi) / u 



p+i 



- ciu { 2 {yi) < c 2 



p+i J dQi . . dQi , . 



Just to simplify notations, let us suppose that (3 G N ; it is clear the all the following 
arguments can be played also in the general case. Expanding VQi and using (Q2) we 
deduce 



dQj 

8Xn 



{Vi) / u 



H-i 



< c 2 I {J2 \^ S Qi(yi)\\y ~ Vi?' 1 + max \^Qi(yi + t(y - Vi ))\\y - y/" 1 }^ 1 

J Bi s=2 

r /3_1 

< c 3 / IEi^^i^i^-^i^+^i^-^i' 3 " 1 }^ 1 - 

JBi 1 _o } 



Hence 

\vQi{yi)\ < ciui( yi )- 2 + c 2 {J2 \ v Q*(y* 



13-1 



s=2 



V-Vi^ + csh-yif- 1 }*?- 1 . 



— (LA r>„A r,i — §_L we h ave that 



By the Young inequality with conjugate exponents q = and q — s _. [ 
for any 5 > 



VQ^)|f^|y - y^- 1 < ^/^/^\VQi{yi)\ + (jj " \y - y 



S-l /l^ S - X 



1/3-1 
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and hence 



g-i 



\VQi(yi)\ <c lU - 2 ( yi ) +c 2 5'^\VQ l (y l )\ / u£ 



0-1 



/ \y 



(4.3) 



Choosing 5 small enough and recalling that (2.20) s with s = yields J* B it? < const 
from (4.3) and (2.20) s with s = /3 — 1 again we deduce 

iVQifo)! < c lU r 2 ( yi ) + ^VQiCyOI + c 2 / |y - y/" 1 ^ 1 



< c 1 u i 2 {vi) + -\VQi{yi)\ + c 3 u, t 



2 



(Vi)- 



(4.4) 



Estimate (4.4) yields the conclusion of the lemma for f3 G N . In the general case the 
estimate can be proved with analogous calculations. □ 



Proof of Lemma 2.5. We have that 

/ (y- Vi) ■ VQiU 



.p+i 



< 



VQiiyi)- [ (y-yt)^ 
- f \y-yi\\V{Qi){y)-VQi{yiM +1 . (4.5) 



The change of variable y = u i 4 (yi)x + yi yields 



f +1 (p-l)(n + l) I" , _p^l \ 

/ (y~yi)u P i =«< (2/i) / a:Wi K 4 {yi)x + y l )dx (4.6) 

■/B^Ci/i) ./B . V 7 

where = au < f~ 1 ^ 4 (yi) . Using [18, Proposition 2.7] we have that, up to a subsequence, 



U': 



Ji(x) := 
satisfies 



4 (yi) x + yi) / i y 

«r p_1 (i/i) Vi + ^mv 



ll J illc 2 (B 2Hi ) < £ * 

for any Ri — > oo and £j — > + . Then (4.6) gives 



fc 2 = [2n(n-2)(n + 2)]- 1 Q i (y i ), 

(4.7) 



/ (v - y*K +1 



. 2 

ra — 4 



w i " 4 (?/i) / xJi{x)dx 

B„.; 



( yi ) [ x[(l + h\x\ 2 )- n + J t (x)]dx 

JB a , 

_ 2 

< u i n ~ 4 (yi)siai\B a .\. 
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Since {ei}i is an arbitrary sequence going to we get that 



VQi(y 4 )- / (2/-^K + =o[\VQ i {y i )\u i ^(yi)). 



(4.8) 



Suppose for simplicity j3 e N . Using (Q2) and expanding VQi in a neighbourhood of 

y l , we get 



dy 3 dy 3 

' 0-1 



1/3-1 



.8=2 
' /3-1 



<c 2 \J2\VQi(yi)\^\y- yil 8 - 1 + \y 



,s=2 



and so 



/ \y 

JB a ( yi ) 



s=2 



Vi\ ■ 



9Q '(y)- 9 -^(y.) 



dy 3 dy 3 



U; < C 



I ElVQ^I^b-^r 1 - (4-9) 

JBviyi) s=2 



Note that by means of the Young inequality with the conjugate exponents q = and 



q 1 = §=r we § et 



\^Qi{yi)\^\y - Vi\ 8 = \y- ViW^Qiivi)^ \y - yil 8 ' 1 

<^\v-Vi\\VQi(vi)\ + j^\v-Vif- 



(4.10) 



Then (4.9) and (4.10) yield 
Is 



\y-Vi\ ■ 



'B a { Vi ) 



8Q l dQi 



d yj dy 3 



p+i 



<c 1 \VQ t (y i )\ j \y - yi\tf +1 + c 2 / \y-y 

If (3 = 2, from (4.5), (4.8), (4.9), and (2.20) s with s = 2 we get 

L 

<o(\VQ t ( yi )\u~^{ yi ) )+c 2U ;~ 4 ( yi ) 



(4.11) 



(y-yi)- VQiU 



<o[ \VQi(yi)\ Ui n - 4 ( yi ) ) + Cl / 
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Consider now the case (3 > 2: applying (2.20) s with s = 1 and s = (3 and using (4.5), 
(4.8), and (4.11) we get 

I (y- ViWQiVp 1 

< c 1 \VQ l (y l )\u~^~ 4 (y t )+c 2 [ \y - y^VQ^y) -VQ t (y t )\u p t +1 

< c 1 \VQ l (y i )\u~^~ i ( yi ) + c^\VQ l (y l )\ [ \y - yi \u\ +l + c 4 [ \y - y^ u\ +1 

JB a { Vi ) J B a {yi) 

2_ 2/3 

<c 5 \VQ t {y i )\u l n - 4 ( yi ) + c 6Ui n - 4 ( yi ). 
As before, the above arguments can be played also in the general case, i.e. for f3 $ N . □ 
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